In this paper we study gravitational wave perturbations in a cosmological setting of bigravity which can reproduce the ΛCDM background and large scale structure. We show that in general gravitational wave perturbations are unstable and only for very fine tuned initial conditions such a cosmology is viable. We quantify this fine tuning. We argue that similar fine tuning is also required in the scalar sector in order to prevent the tensor instability to be induced by second order scalar perturbations. Finally, we show that due to this power law instability, models of bigravity can lead to a large tensor to scalar ratio even for low scale inflation.
I. INTRODUCTION
The problem of dark energy is one of the fundamental problems not only of cosmology but of theoretical physics. How can vacuum energy, or equivalently a cosmological constant, be as small as the measured density of dark energy? (Fine tuning problem.) And why should it be of the same order of magnitude as the present mean density of matter in the Universe? (Coincidence problem.) These questions have led cosmologists to search for alternative explanations of the accelerated expansion of the Universe.
The possibility of giving the graviton a mass has attracted considerable attention. Such a mass leads to 'degravitation' which can solve the cosmological constant problem [1] [2] [3] . If the graviton is massive, the range of gravity is finite and a cosmological constant does not gravitate. Furthermore, if one fine tunes the graviton mass to m g ∼ H 0 , where H 0 h × 2.1 × 10 −42 GeV is the value of the Hubble constant and h = H 0 /(100km/sec/Mpc), gravity weakens around this scale, which might lead to accelerated expansion.
Adding a mass term to gravity is a non-trivial problem. It removes diffeomorphism invariance and hence the metric has six degrees of freedom (four being absorbed by the Bianchi identities). Five of these are the massive graviton while the sixth is usually a ghost, the so-called Boulware-Deser ghost [4] . To remove this ghost one has to make sure to obtain an additional constraint. This was shown to be possible with a very specific form of the potential for the gravitational field, the dRGT (de Rham, Gabadadze, Tolley) potential [5] [6] [7] , which has been the basis for a large amount of work on this topic (see, e.g., [8] [9] [10] [11] and refs. therein). Applications to cosmology, however, have shown that it is not possible to find homogeneous and isotropic solutions of massive gravity which resemble our Universe. In massive gravity, a fixed reference metric has to be chosen with respect to which the mass term is defined. The possible solutions of course strongly depend on this reference metric, but even when choosing the reference metric to be Friedmann, the resulting solutions either do not show the well known cosmological behavior going from a radiation dominated to a matter dominated Universe followed by a late dark energy dominated phase, or they are unstable [12] [13] [14] , see [15] for a review and [16, 17] for the study of the cosmology in the contest of the so-called generalized massive gravity models.
Apart from these problems, it is somewhat disappointing to introduce the reference metric as an 'absolute element', i.e., a non-dynamical field in the theory. From this point of view, bimetric (or more general multi-metric) theories, where also the reference metric is dynamical are better motivated [18] [19] [20] . Interesting discussions about theoretical aspects of bimetric massive gravity can be found in [21] [22] [23] [24] [25] [26] .
where we raise and lower indices of Y (n)··· with the metrics g and f respectively and the relevant metric is indicated in the covariant derivatives ∇ g and ∇ f . Both these constraints follow from the invariance of the interaction term under the diagonal subgroup of the general coordinate transformations of both metrics. Both constraints are equivalent and we will use only the first one.
B. Cosmological equations of motion
We now consider solutions which are spatially homogeneous and isotropic. For simplicity we neglect spatial curvature. If curvature is included, it is easy to see that it has to be the same for both metrics. The metrics can be written in the form
where τ is conformal time for the g-metric and c(τ ) is a lapse function which parametrizes the difference between the conformal time τ f for the f -metric and τ , dτ f = c(τ )dτ .
It is convenient to define the conformal Hubble parameter (H) and the standard one (H) for the two metrics
where with we denote the derivative with respect to the conformal time τ . We also introduce the ratio between the two scale factors
For symmetry reasons, the energy-momentum tensor has the form of a perfect fluid with equation of state p = wρ. Explicitly
Introducing a 'gravity fluid' which represents the mass term in the Einstein equations, we define
Note that the gravity fluid becomes like a cosmological constant when c = 1. The Bianchi constraint in the cosmological ansatz can then be written as
This constraint is equivalent to
The full set of equations of motion is given by the time-time and the space-space components of the modified Einstein equations. For the metric g they are
The modified Friedmann equations for the f metric become
We consider the first Friedmann equation for both metrics, the Bianchi constraint, and in the matter sector, the 'energy conservation' equation and the equation of state as independent equations which determine the 5 functions a(τ ), b(τ ), c(τ ), ρ(τ ) and p(τ ),
Eq. (28) allows for two branches of solutions. Either r =r is constant given by the solution of the quadratic equation
or the second factor of eq. (28) vanishes implying
According to [33, 42] the first branch is equivalent to general relativity with an effective cosmological constant. Therefore we expect the usual ΛCDM phenomenology for this branch. We now concentrate on the second branch which is more interesting, hence we request rH f = H. Inserting this in (27) yields
With this, the Friedmann equation for g can be written as
This is a polynomial equation which can be solved for r in terms of the energy density ρ and the constants β i , m 2 , M 2 g and m 2 * . The detailed evolution depends on the parameters but we can already observe that at late time, when ρ → 0, r → const so that also H 2 → const. Therefore we have a late-time de Sitter phase, independent of the choice of parameters, as long as these admit a real and positive solutionr of the fourth order equation given by (33) with ρ = 0.
A detailed study of the background cosmology in this cosmological setting can be found in [29, 36] . Several possible branches of the solutions are possible, depending on the initial values for r. In [36] , a series of conditions defining a viable cosmological evolution are elaborated. Violations of these conditions do not necessarily imply contradiction with observations if they occur outside the observable range, hence in principle they can be relaxed or lifted. However, when these conditions are satisfied, the cosmological evolution requires no special tuning and it is much safer.
In order not to mimic a cosmological constant we set β 0 = 0. We now study in detail the case β 0 = β 2 = β 3 = 0 (we call it the 'β 1 -β 4 model') which has been identified as the only one which gives both, an acceptable background solution and viable scalar perturbations [36, 43, 46] .
We consider a Universe containing matter and radiation with densities ρ m and ρ r and pressure p m = 0 and p r = ρ r /3 = w r ρ r which we assume to be separately conserved such that ρ m = ρ m0 a −3 and ρ r = ρ r0 a −4 . Here we have normalized the scale factor to unity today, a 0 = 1. The Bianchi constraint can be rewritten as
Furthermore, under the rescaling f µν → m −2 * f µν and β n → m n * β n the equations become independent of m * so that we can simply set m * = 1, see [34] for a more detailed discussion. With this, the background equations can be written as
We solve the first three equations for H, ρ m and r ,
We want to solve eq. (40) numerically for a given present value of r. Let us divide eq. (38) by H 0 = H 0 so that
We now evaluate eq. (41) at τ 0 and we solve the resulting equation expressing r 0 = r(τ 0 ) as a function of the constants β i . This equation has three real solutions. We choose the only one that, when used as 'final' condition in eq. (40), gives an evolution for r starting at very large values and decreasing to a finite value at late times. In [36] and [43] , it has been shown that this solution is the only one able to give rise to both a viable background cosmology and viable scalar perturbations in the β 1 -β 4 model. We choose the best-fit values β 1 m 2 = 0.48H 2 0 and β 4 m 2 = 0.94H 2 0 obtained in [36] and [43] fitting measured growth data and type Ia supernovae (see also [46] for an explanation of the procedure used to obtain these values from fits). We can then solve eq. (40) numerically. The evolution of r is shown in Fig. 1 . We observe that r is very large at early
The evolution of the ratio of the two scale factors, r = b/a is shown as function of the redshift z + 1 = a −1 . We have chosen the parameters m 2 β1 = 0.48
times (the vertical axis is not r but log 10 (r)), at the present time r 1 while the value r = 1 is a future attractor. The lapse c of the f -metric is given by the Bianchi constraint (34) . Its time evolution is presented in Fig. 2 . The lapse function is c −1 constant in the radiation dominated phase, so that r /r = −2H, hence r ∝ a −2 , see Eq. (34) . It grows to a new plateau at the matter-radiation transition and stays c −1/2 during the matter dominated phase. Then again at the transition to the gravity-dominated phase in the future, z < 0 the lapse grows to c = 1 which is reached in the future de Sitter phase. Interestingly, the lapse function changes sign roughly at redshift z c 0.9. This in principle signals a singularity in the f -metric where, for example, its determinant vanishes. However, since the Bianchi constraint requires that also b = 0 when c = 0 and a = 0, H f = b /(bc) = H = a /a remains finite and no physical observable diverges 1 . At this point we want to direct the attention of the reader to the fact that even though in the Langrangian the lapse function c only appears as √ c 2 which one naively might replace by |c|, this cannot lead to the background phenomenology needed to mimic dark energy. At early times, when r 1 and the Universe is radiation dominated, Eq. (40) becomes
For the second equal sign we have used Eq. (38) in the limit of large r. In order to satisfy both, Eq. (34) and Eq. (40), we therefore need c = −1 in the radiation dominated era and we cannot replace c by |c| in Eq. (34) . We can also not replace it by −|c| since we need the factor (c − 1) → 0 when the Universe becomes dark energy dominated. With our choice of the parameters β i , a radiation dominated Universe at early time and a dark energy like solution at late time, requires that c passes through zero, which ±|c| cannot. Substituting the numerical solution for r in eq. (41), we obtain the evolution of H/H 0 . In Fig. 3 we have plotted H/H 0 as a function of redshift in β 1 -β 4 bigravity and in standard ΛCDM . and β0 = β2 = β3 = 0. (We do not optimise the cosmological parameters to obtain a good fit since this is not the point of the present work. The similarity of the behaviour obtained here is sufficient for our purpose.)
III. COMMENTS ON SCALAR PERTURBATIONS
Let us now consider perturbations of this cosmology around the homogeneous and isotropic background
From now on, the use of an overbar indicates background quantities. We parametrize the perturbations as follows
with
Spatial indices are raised and lowered using the flat spatial metric, δ ij . There are eight scalar perturbations, A • , B • , S • and F • , eight vector perturbations, C •j and V •j and four tensor perturbations h
Two scalar and two vector modes can be removed by coordinate transformations, leaving six scalar, six vector and four tensor degrees of freedom.
In Ref. [43] scalar perturbations of the viable β 1 -β 4 model have been analysed for perfect fluid matter (i.e. matter without anisotropic stress and with adiabatic perturbations) and it has been found that they can fit the growth rate of the observed perturbations during the matter and dark energy dominated eras 3 . In Ref. [45] a preliminary analysis of all, scalar, vector and tensor perturbations is presented and analytic solutions in limiting regimes are found, which all do not show exponential instabilities.
In this section we discuss briefly scalar perturbations while the rest of this work is devoted to a detailed study of tensor perturbations. For the scalar sector, we derive analytic solutions for the propagating degrees of freedom valid in the radiation era and we compare them with the results of the numerical integration of the perturbation equations in radiation. The result of this analysis differs from the one of Ref. [45] and we find that an instability in the scalar sector of the f metric shows up at early times and, if sufficiently large, it is transferred to the physical sector of the g metric through the coupling between the two sectors.
The equations for the two propagating scalar degrees of freedom in the radiation dominated era can be approximated by
For super-Hubble modes, kτ 1 , we can neglect terms proportional to k 2 . Furthermore, in the background branch under study, in the radiation era we have r 1, r −2Hr and m 2 β 1 a 2 r 0.48H Ω r /0.94 0.24 × 10 −2 H 2 0 = constant. Hence, in this regime, the last three terms in (48) and (49) can be dropped and the two equations decouple. 3 One of the main conclusions of Ref. [43] is that during matter domination scalar perturbations do not exhibit exponential instabilities.
In that context, however, the stability of scalar perturbations at early times and the absence of power-low instabilities during matter is not analysed. 4 We adopt here the gauge choice of Ref. [45] to eliminate the redundant degrees of freedom in the scalar sector. The solutions of the resulting approximated equations can be written as
5 More precisely, the exact solution of the decoupled eq.
(49) has a constant mode and a growing one proportional to
. This function is growing roughly like (1 + z) −1 ∝ τ as long as the argument is smaller than 1, hence during the entire radiation dominated epoch. It can therefore be approximated with the growing mode in (50) to good precision. • In the physical sector we recover the usual behavior of super-Hubble scalar perturbation in the radiation dominated era, while the perturbations of f grow linearly. Neglecting the constant mode for S f and the subdominant decaying mode for S g , we have
We solve Eqs. (48) and (49) numerically with initial conditions (51) and we compare the result with the analytical solution valid in the radiation era, see Fig. 5 . The analytical and numerical solutions for S f are in very good agreement. The solution for S g , however is soon affected by the coupling term We then choose the initial condition for scalar perturbations in the physical sector compatible with the observational constraints from structure formation, A = 10 −5 , and we explore how the evolution changes varying B, i.e., the initial condition for S f , see Fig. 6 . If the ratio between the initial condition of S f and S g is big, i.e. B/A > ∼ 1, the solution for S g develops a growing mode in the radiation dominated epoch. In Fig. 7 we plot the amplification of S g at the end of the radiation era (z ∼ 10 4 ) as a function of B. We see that the amplification is roughly proportional to the initial condition of S f for B/A 1. The amplification during the radiation era is absent for B/A < 1. Comparing the order of magnitude of the terms in eq. (48) we find in order for the instability to develop during the radiation dominated era we need
For a realistic value of 1 + z eq 3 × 10 3 and our example plotted in Fig. 6 , i.e., 1 + z in = 10 9 , this requires B/A > 1. For an early inflationary phase with reheat temperature T in 10 10 GeV we obtain 1 + z in 10 23 , hence in order to avoid this mild instability we need to require that
Hence for early inflation, only very fine tuned initial condition can avoid to be affected by this instability in the scalar sector.
IV. GRAVITATIONAL WAVES IN MASSIVE BIGRAVITY COSMOLOGY
Tensor perturbations of a given k-mode can be written as
where + and − denote the two helicity-2 modes of the gravitational wave. For an orthonormal system k, e (1) , e (2) we have
and e (+2) ij
For parity invariant perturbations
and h + h − = 0. This is what we shall assume in the following and we shall consider just one mode, say h • in the parity symmetric situation which we consider. For the first order modified Einstein equation with a perfect fluid source term, i.e. no anisotropic stress, we obtain the following tensor perturbation equations for our bimetric cosmology
is a Gaussian random variable with vanishing mean and with variance
At very early times, in the radiation dominated Universe where we want to define our initial conditions, r is very large and m 2 β 1 a 2 r = 0.48H constant. This implies that in this limit the square bracket of eq. (57) becomes −2H and the coupling term is suppressed by a factor 1/r 2 with respect to the coupling term in eq. (56) and can be neglected. Choosing a super Hubble mode, kτ 1 and recalling that in the radiation era H = 1/τ , we can neglect the term proportional to k 2 in both the equations. To be consistent, in eq. (56), we then have to neglect also the coupling term, since
. On super Hubble scales in the radiation era we then obtain the solutions
The solution for h g differs from the one found in Ref. [45] : in this work when deriving the approximated equation valid in the radiation era for super Hubble modes, the term proportional to K 2 in eq. (58) is not neglected. As explained above, this approximation is not completely consistent. 6 Interestingly, when neglecting the coupling term which for h f is never relevant, the first expression for the solution (59) is valid both in the radiation and matter era on all scales as long as c =constant. Actually, in the matter dominated era the anti-damping term in eq. (57) However, in general we can no longer neglect the coupling term in the solution for h g since, depending on the initial condition h f may have grown too large to be neglected in its coupling to h g . In contrary, since h g cannot grow more than h f and since the pre factor of the coupling term remains small, the coupling can be neglected in the h f equation and (59) remains a good approximation on super Hubble scales.
The solution for h g in the radiation dominated era agrees with the well know GR solution, but h f has a growing mode which indicates the presence of an instability. Neglecting the decaying modes we choose the initial conditions
The behaviour of the solution depends very sensitively on the initial condition, in the following we explore different possibilities. Naively, we might argue that initially, e.g., after inflation, both h f and h g are of the same order of magnitude, A B. The gravitational waves h g (k, τ ) and h f (k, τ ) for these initial conditions found by solving numerically Eqs. (56) and (57) for the wave numbers k 10H 0 , 100H 0 , 200H 0 are shown in Fig. 8 . In a linear plot it looks as if h g and h f would be nearly constant during radiation, then h f starts oscillating with frequency ω 2 = c 2 k 2 + cK 2 /r 2 and with increasing amplitude at redshift corresponding to the horizon crossing for the mode chosen. The instability is transferred to the h g mode trough the coupling. In Fig. 9 we present a log-plot for the same modes together with the analytic solutions (58,59). The analytic solution for h f is a very good approximation on super-Hubble scales. There one sees that the τ 3 growth on super Hubble scales turns into the milder growth ∝ τ after Hubble entry.
When A B, the gravitational wave amplitude today is amplified tremendously, for a mode with wavenumber k, roughly by a factor f (k) = H(τ 0 )H(τ i ) 3 /k 4 , as shown in Fig. 10 . Therefore, in any case, if the initial amplitudes are not very small, gravitational wave perturbations will grow very large at late time.
We want to check whether there exists a choice of the initial conditions such that we recover an evolution of tensor perturbations similar to the one of ΛCDM and an amplitude of tensor perturbations today which is of order of the one of ΛCDM . We find that if we tune the initial conditions for h f to be very small, i.e. B A, the instability can be avoided and we can recover an evolution of tensor perturbations at late times (i.e. during the matter era and later) that is similar to the standard gravitational wave evolution of General Relativity. In Fig. 11 we show how the evolution of tensor perturbations is affected by decreasing B. The evolution of tensor perturbation h g in the bigravity model for different initial values B at fixed A = 1 is superimposed to the ΛCDM result with initial condition h GR (τ in ) = 1, h GR (τ in ) = 0.
The amplitude of h g at late times is proportional to B for values of B/A > ∼ 10 −16 . For smaller values of B it converges to the GR result and becomes independent of B. In other words, if h f is not about 16 orders of magnitude smaller than h g initially, the value of the latter at late times is entirely determined by h f . The small shift in redshift of the bimetric h g spectrum for B = 0 with respect to the one of ΛCDM is due to the presence of a slight difference between the evolution of the scale factor in the β 1 -β 4 bigravity model compared to ΛCDM (see Fig. 3 ), while the coupling of the tensor mode h g with h f in the perturbation equation (56) is effectively negligible. This can be checked easily comparing the spectrum of tensor perturbations of the B = 0 bigravity model with the one of ΛCDM , calculated on a bigravity background: the two spectra overlap with a very good precision 7 , as shown in Fig. 13 . The red dashed line represents the evolution of pure GR tensor perturbation, with initial condition after inflation hGR(τin) = 1, h GR (τin) = 0 calculated on a bigravity background (i.e. we choose the evolution of the scale factor to be the one of the β1-β4 model).
In Fig. 14 we show the energy spectrum of the gravitational waves h g in units of the critical density
for the cases B = 0 and B = 10 −15 A and A = 0 at the redshift of decoupling and today. 14(e), 14(f) , respectively. In the first case, the spectrum for the bigravity model at a given redshift is superimposed to the spectrum of ΛCDM at the same redshift (red points).
Let us also make the following remark: one might worry about the singularity of the term c /c in eq. (28) when the lapse function of the f metric, c, passes through zero (see Fig. 2 ). It can actually be shown by a simple analytic argument that this singularity is just an apparent one. First, by using eq. (34), we find that eq. (57) can also be written as
When c ∼ 0, eq. (62) can be approximated by
which is solved by h f ∝ c. Therefore the singularity in the term c /c in eq. (63) when c = 0 is cancelled by the factor h f ∝ c and the differential equation for h f is regular for all values of τ . The fact that h f passes through zero when c = 0 at z = z c 0.9 is well visible in Fig. 15 .
The plots of c(z) and h f (z) in Fig. 15 (a) and 15(b) respectively, for a mode k 100H0, are shown together with the value of z for which c becomes zero (indicated by the red, dashed line in both the plots), zc ∼ 0.9, which corresponds to the value for which the derivative of h f changes sign.
V. DISCUSSION AND CONCLUSIONS

A. Higuchi bounds
In cosmology and in particular in theories of modified gravity, it is important to check whether the theory may contain 'ghosts'. In this context a ghost is a degree of freedom with a kinetic term of the wrong sign. The energy of such a degree of freedom is not bounded from below and via its coupling to other degrees of freedom it can pass to them unlimited amounts of energy, rendering the theory unstable and therefore unphysical. In a static spacetime this instability is exponential. In an expanding spacetime it is typically a milder power law instability.
As pointed out for the first time by Higuchi [48] , even though the sixth degree of freedom of generic massive gravity, which is always a ghost, is absent, in the dRGT theory of massive gravity the helicity-0 mode of the massive graviton can behave like a ghost for particular values of the theory on a de Sitter background, leading to instabilities of the theory beyond the classical linear regime. The condition for having the kinetic term positive definite is known as Higuchi bound. The study of the stability of massive gravity linearized around a de Sitter background (with flat reference metric) was continued in [49] where it has been shown that the helicities (±1 and ±2) of the massive graviton are stable and unitary since they are immune to the helicity-0 constraint.
The requirement that the helicity-0 mode on a FRW background has a positive-definite kinetic term is referred to as the generalized Higuchi bound. This has been studied for the first time in the bigravity theory in [14] and in [27] (see also [42] for an alternative analysis of the scalar sector).
In the background branch with H f = H, the generalised Higuchi bound for the helicity-0 mode can be written as
For the vector modes we find instead the conditionm
which is always satisfied in the β 1 -β 4 model. This is not the case for the Higuchi bound for the helicity-0 mode as has been noted also in Ref. [45] . Indeed, using the background constraints, eqs. (35) (36) (37) , the bound (64) can be written as β 1 r − 2 3 β 4 r 2 + 1 3
For the best-fit values with 2β 1 β 4 , this constraint is satisfied only in the asymptotically de Sitter phase of the cosmological expansion, where r = 1 so that the bound is saturated. Hence, the scalar sector is affected by a ghost instability. In an expanding Universe with time dependent Hubble parameter, this instability is not exponential like in the de Sitter case but it manifests itself by the presence of a power law growing mode in the scalar sector of perturbations, as found in Sec. III.
In the context of bigravity, the Higuchi bound in the tensor sector has not been properly addressed in the literature. If we write the quadratic kinetic part of the action for the tensor modes from eq. (1), we find
B. Non-linearities
There is an additional subtlety which becomes relevant as soon as there are unstable modes in a theory which is intrinsically non-linear. It is a simple choice of initial conditions to set the unstable modes to zero initially and within linear perturbation theory we have found that their coupling to the other modes is sufficiently suppressed so that they are not generated significantly.
However, once we go beyond linear perturbation theory it is to be expected that the unstabler modes should acquire amplitudes of the order of Φ 2 where Φ ∼ 10 −5 is a typical linear mode which we expect to couple to all other modes at the next order. Therefore, even if a given inflationary model does not generate any tensor perturbations we expect tensor perturbations induced from scalar perturbations on the level of 10 −10 . For the case of general relativity these induced perturbations have been calculated in 2nd order perturbation theory and numerically [52, 53] .
However, the coupling of the g-metric to the f -metric is suppressed by a factor m 2 ∼ H 2 0 which makes it very small. As we have seen, at least at linear order the coupling of the g-metric to f -perturbations is nearly always negligible. Therefore, an inflationary model with nearly vanishing initial conditions for the f -metric may actually remain viable.
C. Conclusions
We have found that in bimetric cosmology the tensor perturbations of the second metric, the one that does not couple to matter, exhibits a power law instability, h f ∝ τ 3 on super Hubble scales and h f ∝ τ on sub Hubble scales. For 'natural' initial conditions with h g ∼ h f , the time evolution of h g is very different from the behavior in ΛCDM cosmology. Due to its coupling to h f it grows rapidly and the final gravitational wave spectrum is determined entirely by the initial amplitude of h f . Only if the initial amplitude of h f is suppressed by a factor of about τ 
This rules out all simple well motivated inflationary models which cannot provide a mechanism to suppress the generation of f -perturbations during inflation.
To conclude, we have found that both, the scalar and the tensor sectors of β 1 -β 4 bimetric theories, exhibit a power law instability which is related to the Higuchi ghost. Depending on the inflationary model, this instability can render the theory in serious conflict with observation. On the other hand, it may also open a new possibility to obtain significant tensor perturbations from low scale inflation.
